PH 561.2 RegNo L 1L 1 T T 17T
St Aloysius College (Autonomous) Mangaluru
SEMESTERII - PG EXAMINATION - M.S¢ Mathematics
e erts COLLEAY
Algebrall 5 |, \1:( \i‘.h; ;\” 'v
Time : 3 Hours ” m(“\"l_“m £ .§78 003 Max. Marks: 70

A

to

a.

b.

a.

b.

a.

b.

Answer FIVE FULL questions (14x5=70)

Prove that in an integral domain existence of factorisation holds if and only if
every increasing chain of principal ideals is stationary.

_Prove that every Euclidean domain is a principal ideal domain.

_Define primitive polynomial. Prove that every nonzero polynomial

f(z) € Q[z] can be writen as a product of a rational number and a primitive
polynomial in Zz]

_ State and prove Eisenstein’s criterion for irreducibility of a polynomials in

Q[z]. Verify whether the polynomial 25 — 64zt + 127z — 200z + 99 is
irreducible in Q[z].

. Let f(:c) = a,z" + -+ + a1T + ag be an integer polynomial and p be a prime

integer such that p { a,. If the residue f of f modulo p is an irreducible element
in F,[z], then prove that f is irreducible element in Q[z].

. Prove that the polynomial ring Z[m] is a unique factorization domain.

_1f f(z) is a polynomial over a field F prove that f(z) has no multiple roots in any

extension of F' if and only if f(z) and f'(z) are relatively prime in Flz].

Let L and K be extensions of a field F'. Let a € L and B € K be algebraic over

F. Prove that there exists an F-isomorphism from F(a) to F(p) if and only if
a and B are the roots of the same irreducible polynomial over 2

.If F C K C L are field, then prove that

[L:Fl=[L:K]K: F]. Also Determine [Q(3v/2,4+/5) : Q]

Let K be an extension of field F. Prove that, the elements of K which are

algebraic over F forms a subfield of K containing F.

Let F' be a field with p" elements and m be a positive integer. Prove that " has

a subfield with p™ elements if and only if m|n. Also determine the number of
subfields of a field with 22024 glements.

Define finite field and prove that characteristic of a finite field is a prime.
Define algebraic closure and prove that if F is a finite field, then F' cannot be
algebraically closed.

Show that the set of all constitutible real numbers form a subfield of
R containing Q.

State and prove the fundamental theorem of Galois theory.
1f K is a Galois extension of a field F', then prove that the fixed field of K is F' .
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|. a Iffe @a)onfab)anda<c<h then prove that /€ #(a) on [a,c] and [c, b). AlsO 8

prove that J:f.!a = | f da+ If:fdrx.

b. Suppose 7is bounded on [a, b], f has finitely many points of discontinuity on [a, b]
and a is continuous at every point at which fis continuous. Then prove that

f € &\a).

a. Let £ be a bounded function and let a be a monotonically increasing function on

[ 2%

[a. ], then show that If:f'da < [*rda. Also if £ € @(a) on [a,b]) and if |fx)] = M, ¥

x € |a.b], then prove tHat }I:’r/'dal < M(a(b) — al(a)).

(=

_i) Suppose f€ & on [a,b] where f:[a, b] — Rk, Define F(x) = [ di,a<x<b. Prove
that F:[a,b] — RX is continuous. Also if fis continuous at x,, then prove that Fis

differentiable at x, and F (xo) = flxg)-
ii) State and prove the Fundamental theorem of Vector Calculus.

3. a. Define uniform metric. Prove that C(X) is a complete metric space with the metric
defined by d(f,) = | lf- gl |, W8 € CX).
b. Define a equicontinuous family of complex valued functions. If K is a compact
metric space, if f, € C(K),n=1,2,... and if {f,} converges uniformly on K, then

prove that {f,} is equicontinuous on K.

4. a. Define a pointwise bounded sequence. If {f,} is a pointwise bounded sequence of
complex functions on a countable set E, then prove that {f,}has a convergent

subsequence {f,,k} such that {fnk(x)} converges for every x € E.

b. Prove that there exists a real continuous function on the real line which is

nowhere differentiable.

5 a. Let B be the uniform closure of algebra 4 of bounded functions on a set E. Then

prove that B is a uniformly closed algebra.

b. State and prove the uniform convergence and continuity theorem. Is the converse

true? Justify.

6. a. State and prove Cauchy's test. Furthermore if a function ¢ is bounded in [a, ) and
integrable in [4,x],x 2 a and if [*fdx is absolutely convergent then prove that

|3 dx is also absolutely convergent.

J(x) ;
b. If fand g are two functions on [a, 4] such that lim, .+ 5y = [ where [ is @ non-zero

finite number then prove that the two integrals I’;fdx and IZg dx converge or

diverge together at a.
dx

—_—

c. Examine the convergence of J%Zx -
=X
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7. a If ¢(x) is bounded and monotonic in [a,«) and tends to zero as x — = and [;fdx is
bounded for x > a then prove that I;’fgb dx is convergent.

b. Check the convergence of:
g ,sim'
i) foax
ii) [ylogxdx

¢. Prove that every absolutely convergent integral is convergent.

8. a.ﬁ:};;g?gs;\.’feift_zlco?tinuous-differentiable mapping of an open set £ c R” into R"
S Lo th e for some 4 € E and b = fla), then prove that there exist open sets
A such thata € U,b € ¥, fis one-one on U and f(U) = V.

b.ﬁup;;:;efis a continuous-differentiable mapping of an open set £ c R” into R"
(a) is invertible for some 4 € £ and b = fla). If g is the inverse of fdefined in ¥ {3
g(flx)) = x, then prove that g € C'(¥). )
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1. a. Discuss the importance of defining research objectives and hypotheses in the 6

research process.

b. Write a short note on: E
i) Objectives of research
ii) motivation in research

2. a. What is the purpose of research, and why is it important in advancing knowledge 8
in various fields?
b. Explain the benefits of literature review in research. 6
3. a. Describe the techniques involved in defining a research problem. 6
b. Describe various types of research with example. 8
4. a. Define and explain the concept of a mathematical definition. Discuss the 6
importance of precise definitions in mathematics and their role in establishing the
framework for mathematical reasoning.
b. What is Latex? Explain its role in mathematical documentation. 8
5. a. Explain the essential rules involved in preparing a mathematical document. 6
b. Choose a significant mathematical theorem or result related to your field of study 8
or interest and explain its statement and significance.
6. a. Describe the concept of Intellectual Property Rights. Explain its origin and 6
importance.
b. Write the meaning and importance of patents, copyrights, and trademarks. 8
7. a. What are the key principles of research ethics, and why are they important in 6
scientific inquiry?
b. What does scientific misconduct refer to? Discuss the various forms of 8
scientific misconduct.
8. a. Explain the concept of copyright and its importance in academic and creative 8
works. What are various subjects covered under copyrights? explain.
b. Describe the roles of co-authors, contributors, and acknowledgments in scholarly 6

publications. Provide examples of ethical dilemmas related to authorship and
contributorship.
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. a let (wp, w2, vy wy) be an orthonormal basis of a subspace W of V and let

v € V. Then show that the orthogonal projection n(v) is a vector given by

r(v) =< pwg > W+ <V, Wy > Wt + < v, W > W,
b. Define the following terms ! K
1. Hermitian form on a finite dimensional complex vector space V.
2. Positive definite Hermitian form.
5
. If A is a non-singular skew-symmetric m X m matrix then prove that m is even
J 0 I
and there exists Q € GLy,(F) such that QAQ' = Jan = ( I " | where
—4n
oy |
n= '2—771.
2. y e | B |
a.Find an orthogonal basis for the form XtAY onR*where A= |0 2 1
s B T |

b. If A is a n X n real symmetric matrix then show that eA is symmetric and

positive definite.
3. State and prove Sylvester's law. 14
4 a. If T is a linear operator on a Hermitian space V and
then prove that T is normal if and only if
<TW),T(w) > = < T* (), T*(w) >,Yo,w € V.

with respect to the form Xt AY where

T* is the adjoint operator

b. Find an orthonormal basis for R?
g 31
A [ } .
.
c. Define orthogonal complement WL of a subsp
that W is a subspace of V.

ace W of a vector space V. Show

bmodule of M then prove that

5 a.If M is a R—module and N isasu
N,Vz € M, is a surjective module

nM — M/, defined by n(z) =z +

homomorphism with kern = N. Ty

b. If N is a submodule of M then prove that there exists a bijective correspondence

between the set of all submodules of M which contains IV and the set of all

submodules of ¥ / ..

c. If M is a R-module and N is a submodul

finitely generated, then show that the number of element :

N need not be less than or equal to the the number of elements in a

for M.

6. a.If V is a simple R-mod

field.

b. Define a free R-module. If M is a finitely generated R-module then prove that
M is isomorphic to a quotient of R" for some 1t e N.

e of M such that both N and M are
s in a generating set for
generating set

ule then prove that the set of all endomorphisms of Visa
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3 1 -4
a. Find the integer solutions of AX = 0 where A = . SRS, | 1
-4 6 2

b. Define a Noetherian module. If R is a Noetherian ring then show that every
proper ideal of R is contained in a maximal ideal of H.

 a. If M is an R-module and N is a submodule of M then prove that
M/N = {z+ N:z € M} is a R-module. Also, state and prove the first

isomorphism theorem for modules.

b. Determine the abelian group presented by the matrix A =

- N W
B = OO
[T =2 B |
- Y W
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